In this work we study the entangled states that can be created in bipartite two-dimensional optical lattices loaded with ultracold atoms. We show that using only two sets of measurements it is possible to compute a set of entanglement witness operators distributed over arbitrarily large regions of the lattice, and use these witnesses to produce two-dimensional plots of the entanglement content of these states. We also discuss the influence of noise on the states and on the witnesses, as well as the relation to ongoing experiments.
I. INTRODUCTION
The quantum engineering of useful many-body states and the characterization of their entanglement properties are two of the most challenging topics in Quantum Information Science, both theoretically and experimentally. In the laboratory, the creation of entangled states has been addressed in two ways. The first one starts from the control of individual quantum systems, let it be photons [1] [2] [3] [4] , neutral atoms [5, 6] or ions [7, 8] , and aims at the creation of larger and larger many-body states. The second one consists of taking large numbers of these components (e.g., 10 3 − 10 6 atoms) and studying collective degrees of freedom [9] . It thus seems that one has to make a compromise between having large entangled states or having a fine-grane knowledge of the properties of the state.
In this work we show that there is an intermediate approach, by which it is possible to gain local information about a very large entangled state. More precisely, we introduce a family of operators that allow for obtaining lower bounds on the fidelity or detecting multipartite entanglement in regions of a two-dimensional graph state. The entanglement witnesses [10] [11] [12] [13] [14] are optimized for setups with ultracold atoms in 2D bipartite lattices, in which one now has access to the state of individual atoms [15, 16] . Remarkably, our witnesses only require the simultaneous measurement of all atoms, but with a postprocessing of the measurement statistics it provides a map of the quality and multipartite entanglement of the many-body state. This paper is structured as follows: in Sec. II we review the experimental techniques available to create graph states in optical lattices. We present observables that characterize the state and act as entanglement witnesses in section III, in which we also face the main difficulties associated to this method. We find that even under decoherence states useful for quantum computation can be found, and analyse simple observables that bound the fidelity of the state. perform numerical simulations of a cluster state subject to different noise sources, demonstrating that the entanglement witness is capable of detecting those errors.
II. EXPERIMENTAL GENERATION OF STABILIZER STATES
The original method for creating graph states with neutral atoms [17] was based on filling state-dependent lattices with one atomic species and using controlled collisions [18, 19] . In contrast, we will develop our ideas building on the experimental setup from Ref. [16, 20] , which traps two different species of atoms in two coexisting optical lattices, one of which can be moved. This setup combines a diffraction mask with a powerful microscope objective, which projects two similar triangular lattice patterns on its focal plane. Using two light beams with different frequencies, the experiment may trap lithum and cesium atoms in two independent lattices that can be moved at will along the plane that confines the atoms. As shown in Fig. 1a , we can contemplate the Cs and Li arrangements as the triangular sublattices of a larger honeycomb lattice where each Cs atom is surrounded by three Li atoms, and vice versa; and each atom acts as one qubit. Since our lattice is bipartite by construction entanglement can be created using a small number of steps, equal to the coordination number of the full lattice. Continuing with this example, one has to move one sublattice three times so that each Cs atom approaches each of its neighboring Lithium atoms [ Fig. 1b] , suffering a controlled collision [18] or an engineered interaction [16] . A fundamental difference with previous setups [17] [18] [19] is that the sublattice now moves as a whole, regardless of the internal states of the atoms. If the lattices are very deep and the atom-atom interaction is strong enough, this can be done with great precision.
To fix ideas we will assume that the entangling operation between atoms in different sublattices is a CZ gate,
After three parallel sets of operations, beginning with a product state, (|0 + |1 ) ⊗N , we will arrive at a graph state
where A and B denote the Cs and Li sublattices and N (i) ⊂ B is the set of nearest neighbors to the potential well i. Note that if instead of using the control-phase one implements a control-NOT,
Cs , where the Cs absorbs the parity of its neighbors, we obtain what we call a "parity" multipartite entangled state
III. ENTANGLEMENT WITNESSES
A. Global fidelity of graph states
All the states that we can create using the previous operations belong to the family of stabilizer states. In both cases we have a complete set of N A + N B local observables, the stabilizing operators, g i , that may take values {−1, +1}, and for which the states G and P are eigenstates with eigenvalue +1 on all sites [28] . For instance, in the case of the graph state we have
with the stabilizing operators g i = σ
In general, given a set of lattice sites, Ω, we can construct a projector onto a stabilizer state containing those sites
In theory we can use this projector to compute the fidelity of our experimentally realized state, ρ, which is probably mixed, with respect to the objective G or P ,
where the region under study now encloses the A and B sublattices. However in practice this is already impossible for a few qubits, since the evaluation of F Ω requires us to measure 2 N A +N B different observables coming from all possible products of the g i operators. The difficulty of this task seems to be tantamount to performing a full tomography of the mixed state ρ.
B. Localizable fidelity
Instead of following this very complicated route, we will focus on two simpler questions, which are intimately related: (i) a notion of local fidelity to the stabilizer state and (ii) the existence and detection of genuine multipartite entanglement [21, 22] in the lattice. In both cases we can extract a number, let it be a fidelity or the expectation value of an entanglement witness, F (i) or W (i), which is distributed over the 2D lattice of sites. With those numbers we can study the distribution of entanglement and how much our state has been affected by noise or decoherence.
Our notion of "localizable fidelity" builds on the fact that given a simply connected set of sites, Ω, and a perfect graph state, |G , we can extract another perfect graph state in that region. One way to achieve this is measuring the boundary qubits, ∂Ω, [See Fig. 1c] and, depending on the outcome of those measurements, performing phase gates on the qubits that were immediately connected to them. An alternative but completely equivalent way is to disentangle the boundary with the same two-qubit unitaries we used to build the state
The most important idea is that this procedure still can be applied if the initial state of the atomic ensemble is mixed, ρ A∪B , due to decoherence. In this case the fidelity of the final state is related to the same observable that we found before, that is
the fidelity of the final state only depends on how close ρ A∪B is to the eigenstates of the stabilizing operators that cover the region and the boundary, Ω∪∂Ω. The final observation is that the fidelity F Ω gives us not only local information about how close our state is to the graph state, but it is also a witness for genuine multipartite entanglement in that region,
C. Optimized witnesses
However, even if W < 0 detects entanglement, the evaluation of this quantity seems to require a number of measurements that increases exponentially with the number of qubits. We thus need another ingredient, which is obtained by writing the fidelity as a product of two operators constructed from stabilizing operators corresponding to different sublattices, P Ω = P Ω∩A P Ω∩B , and introducing a new operator [24] P
This equation can be readily verified in the basis that diagonalizes both P Ω∩A and P Ω∩B , where the eigenvalues of the projectors can only be 0 or +1. This observable provides a lower bound for the fidelity
and can be used to construct an entanglement witness
The advantage is that now the quantities P Ω∩A and P Ω∩B can be extracted from just two settings of measurements. In particular, for the graph state one such expectation values
is obtained measuring σ x in all Cs atoms (i ∈ Ω ∩ A) and σ z in the Li (j ∈ N (i)), while the other expectation value is obtained with the opposite measurement basis. Note also that postprocessing the same set of measurement results we can compute the values P Ω for any region Ω, which allows us to produce two-dimensional displays of the distribution of localizable fidelity or the multipartite entanglement witness.
IV. SIMULATIONS
This section features a numerical simulation of a realisation of our method in an experiment taking possible practical sources of error into account. We have studied the degradation of the expectation value of the witnessW Ω given in Eq. (10) . In general it is not possible to compute easily the change of P Ω , but we will take advantage of the facts that the witness is the sum of two functions of stabilizing operators corresponding to different sublattices and that for our sources of noise these expectation values have simple expressions, such as P Ω∩A,B = i∈Ω∩A,B (1 + g i )/2, in which only the expectation values of isolated stabilizers appear, g i . As explained in Appenndix A, we have considered various types of noise [25] using the quantum channel formalism to compute the changes in g i .
(i) Dephasing, which is due to fluctuations in the energy levels of the atoms due to external fields,
. This map is repeated on all sites, with site dependent uniformly distributed random phases in [− j , j ], degrading the stabilizing operator g i → g i i∈Ω sin(2 i )/2 i . (ii) Imperfections in the gates that entangle pairs of sites, U (iii) Atom loss, which introduces a new state in the lattice, the hole |h . In practice, it can be described by
(v) The completely depolarizing channel DP (ρ) = (1− p)ρ + p 2 1 1. The last three sources of error have the same effect,
With these types of noise and decoherence we studied the evolution of our witness operators and the overall description of a potential experiment using them. The results are shown in Figs. 2a-c , where we plot the values ofW α ,W β andW γ , interpolated using smooth functions that are centered and cover the affected regions, α, β and γ, of two, four and six qubits. The result is a two-dimensional map of the entanglement content, where the value of the witness is color-coded either (a) on the link between two atoms, α, (b) on the central atom and the star surrounding it, β, or (c) on the center of the sixatom plaquette, γ. In these particular plots we have combined all sources of decoherence, making some of them more relevant in different regions of the lattice. We have introduced a region of atoms subject to strong dephasing induced by a focused laser, covering the area marked by a circle. We have also emptied two sites, surrounded by a triangle. These empty holes are numerically equivalent to having spontaneous emission with 100% probability. Finally, we have assumed that the phase gate is 100% accurate in the center of the lattice and acquires a 10% error at the boundary of the lattice.
We already appreciate interesting features in these simple simulations. The first one is that bipartite entanglement is less affected by noise than multiqubit arrangements. While we can reconstruct a Bell state close to the boundary with an 80% error, the four-and six-qubit states only have an appreciable value of the witness when the CZ gate is above 90% fidelity. The second feature is that the effect of local errors remains local. The sites, bonds and plaquettes that share one or more qubits with the regions affected by atom loss or strong decoherence (circle and triangle in the plot) have positive values of the witness and do not have significant entanglement. However, one site or plaquette away from the region of influence of those defects, the witnesses recover their large negative value.
V. CONCLUSIONS
In summary, we have presented a simple scheme for detecting bipartite and multipartite entanglement in twodimensional lattices with ultracold atoms. The present study admits a straightforward generalization not only to other bipartite lattice setups, such as square lattices, but also to other interaction schemes (U CNOT ), or to displacing each Cs atom not three, but one or two times. First of all, if the Cs atoms move along two directions, the result is an array of linear cluster states, with an entanglement witness that is a generalization of the previous ones, and that again relies only on two-measurement settings [23] . If instead we move each Cs atom only once, then the Cs-Li interact in pairs forming a macroscopic number of disconnected two-qubit singlets. In this case we do not need a witness but can rather compute the expectation value of the projector
using three experimental settings. We must remark that our scheme only uses the fact that the lattice is bipartite and that it is possible to simultaneously measure the state of all lattice sites in each sublattice independently. In particular, while we have focused on a two-species setup [16, 20] , exactly the same protocols and measurement schemes can be used using the state-dependent optical lattices in previous experiments [18] , combined with the new optics that allows imaging individual lattice sites [26] . The only difference is that since we do not have different atoms on different sublattices, the measurement protocol has to be preceded by a global and local rotation of one sublattice to change its measurement basis. This is not too complicated and can be done using two counterpropagating laser beams in an optical lattice configuration, such that their maxima of intensity concide with just one sublattice.
Our proposal represents the first experimentally realizable scheme for mapping out the entanglement distribution and fidelity of a very large many-body correlated state. It also opens the path for the experimental detection of very large cluster states, a task which so far was not achievable using ultracold atoms in optical lattices, but which becomes possible for ongoing experiments using two species of atoms and holographically generated trapping potentials [16] . In particular, we want to remark that the family of graph states in honeycomb lattices is a universal resource for measurement-based quantum computation and that our scheme can be used to isolate regions of high fidelity in such resources.
